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Partial Tetra-AUel Crosses** 

KLAUS H I N K E L M A N N  

iowa State Universi ty and Virginia Polytechnic Ins t i tu te  

Summary. The construction of particat tetra-Mid crosses (PTAC) is considered using BIB and PBIB designs with 
blocks of size four. I t  is shown how this can lead to certain types of balanced designs. An explicit procedure is given 
for constructing circulant PTAC's. The analysis of PTAC's -- estimation of general effects of the lines involved 
and analysis of variance -- is illustrated in terms os an example. 

I .  I n t r o d u c t i o n  

Double cross hybrids are frequently used in plant  
breeding programs. A practical  problem m a y  arise if 
one wants to determine for such a program the best 
double crosses or the best performing lines in double 
crosses from a set of n lines, since the number  of 
possible double crosses is n (n- - t )  (n--2) (n--3)/8. 
This is in general a prohibit ively large number,  and 
therefore, various prediction formulae for the per- 
formance of double crosses from single of three- 
way crosses have been used (e.g., EBEt~HARDT, R~S- 
SEE, and PENNY, t964). Another way of dealing with 
this problem is to consider only a sample of all pos- 
sible double crosses and obtain information about  the 
,,general combining abi l i ty" in double crosses for each 
line. Designs of obtaining suitable samples will be 
called part ial  tetra-allel crosses (PTAC). The construc- 
t ion of such designs as considered in this paper  is 
based on balanced incomplete block designs (BIB) 
and p a r t i a l l y  balanced incomplete block designs 
(PBIB).  Different types of PTAC's and their  analysis 
are discussed. 

2. P a r a m e t r i z a t i o n  o f  D o u b l e  Crosses  

Denote a double cross b y  (i j) (k l), where i, j,  k, l 
are four different lines out of the n lines and where 
(i j )  and (k l) are the two unrelated single crosses form- 
ing the double cross. For the genotypic value Y(r 
we assume the following model based on general 
genetic considerations : 

y(ij)(/~z) == # @ l~i 4- h i + h  k @ h z @ d,:j @ dl~ ~ 
4- s~. k + s~. f + si.~ + s/. z 

-~- ~(i/)l* @ t ( i i ) l  -~- t{kl) i @ ~(l~l)] -~- Zd'(ij)(/d) 

where # is the population mean, ,is i is the general 
effece of line i {we shall see later - -  @ equation 4a - -  
tha t  hi is different from the general combining ability 
for single crosses), dii is the interaction effect between 
lines i and j appearing in the same single cross, si.k 
is the interaction effect between lines i and k appe- 
aring in different single crosses, t(ii) ~ is the interaction 
effect between single cross (i j )  and line k, and w(ii)(k~} 
is the interaction effect between the single crosses 
(i j )  and (k l). 
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This model is different from the one used by  RAw- 
LINGS and COCKERI~A~I (t962) in tha t  it is not ortho- 
gonal; i.e., if the effects are assumed to be random va- 
riables with mean zero, there exist covariances be- 
tween certain parameters.  These covariances along 
with the variances of the parameters  in the model, we 
denote as follows: 

Var ( h i ) =  ('1,~, Var ( d i i ) : a  ~a, Var (si.~) = a~ ' ] 

/ Var (t(ij) k) = ap, T ar(w(~jt {kzl) = o,;~, (2) 

Cov (d~i , si.i) = o,ds, Cov (t(~i)k, t(~k)i) = o,~, : 

C o v  (w(i]) {k~) , w{i~) (iz}) = o ` ~  

There exist eight covariances between double cross 
hybrids each of which can be expressed in terms of 
the parametr ic  variance and covariance components 
defined in (2). Using KEXlI'THO~NE'S (t957) notation, 
the covariance between the genotypic values Y x  and 
Yz of two collateral relatives X and Z from a Hardy= 
Weinberg equilibrium population with no linkage can 
also be writ ten in terms of genetic variance compo- 
nents as follows: 

Cov (YxYz )  = ~ [2 r x z ( l  + F)] ~ ~Uxz (1 + f)21~o,~D~ 

(3) 
where /v  is the inbreeding coefficient for the parents,  
and r x z  and Uxz  are the probabilities of alikeness by  
descent for the types of relatives when the parents are 
non-inbred. 

The eight covariances are given in Table I together  
with the corresponding values 2 rxz ,  Uxz  of (3), and 
the coefficients for the parametr ic  variance and  
covariance components.  From Table t we obtain, 
for example, 

Ò1 - - 8 - -  - - 2 \  16 ] J 

~e, = o,;} (c) (4! 

z~ 

�9 /-11 + F \  ~ .2 - 2 dy ~ - - ? g - }  o,A~ (d) 

I t  follows from (4) tha t  h accounts for all the additive 
effects as far as they are not contained in the error  
due to variat ion within crosses. We also see from 
Table I and (4) that  the order of lines is impor tant  
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Table t. Covarianees Between Double Cross Hybrids 

C o v a r i a n c e s  ~ 2 r x z  u x z  a~ a~ a'~ (rds a~ au a~v aww 

C o y  1 = C o y  (Y(i j)Ckl), Y(i D (~ ~)) 

Cov a Cov(y~i i) ~k z~ Y~i p (~ zo) 
Coy4 = Cov(ya j~ (~ 0 Y(r k) q l,~) 
C o y  6 = C o v ( y ( i  j) (kD Y(i jO ~klO) 
Cov 6 = Cov(y~/i) ~ z~ Y<i # (~, v)) 
Cov~ = Cov(y(r D (1~ t~ Y~i lm ivy), 
C o v $  = Cov(Y( iD(k l  ) Y(ij , l(k'P)) 

1/4 t / t6 4 2 
t/4 1/32 4 
3/16 t/32 3 l 
3/t6 t/64 3 
1]8 1/64 2 
1 t8  0 2 I 
~/8 o 2 
!/16 o 1 

4 4 l 
2 4 4 1 
2 t 
1 2 t 
t 

P r i m e d  s u b s c r i p t s  a r e  d i f f e r e n t  f r o m  a n y  subcrip~; a l r e a d y  a p p e a r i n g  in  a t e r m .  

only if there are dominance effects and dominance 
type epistatic effects; i.e., in the absence of dominance 
effects and dominance type epistatic effects we have 

O'~w = fie w . 

For a first approximation we are thus led to adopt 
the  model 

Y(qI(kO = I z + hi + hi + h~ + h~ + e(q)(kO (5) 

where the e(q)(~)'s are assumed to be independent 
random variables with mean zero and variance a 2. 

3. Construct ion  o f  P T A C ' s  

Before we discuss the construction of PTAC's, 
we first have to define this term properly. A set of ma-  
tings is said to be a PTAC, if tile following conditions 
are satisfied: (i) every line occurs exactly r t imes in 
the set;  (it) every double cross occurs at most  once. 

This definition does not exclude the possibility 
tha t  a part icular  single cross occurs several times, 
whereas other single crosses do not occur at all. 
From a purely practical point of view this m a y  be an 
advantage,  but  for reasons concerning the inferences 
to be drawn from a PTAC this is undesirable; for 
example,  this might  cause a bias in the estimates of 
the genetic variance components.  We shall, therefore, 
also consider the following type of PTAC's:  A set of 
matings is said to be a PTAC in the strict sense, if it 
satisfies conditions (i) and (ii) as given above and 
(iii) every single cross occurs at most once. Naturally,  
such PTAC's  constitute a particular subclass within 
the class of all PTAC's, and, hence, are obtained by  
choosing appropriately the parameters  of a design 
tha t  can be used for constructing PTAC's.  

The most  general way of constructing PTAC's is 
tha t  by  means of incomplete block designs. Follow- 
ing the same argument  as for single and three-way 
crosses (e.g. CURNOW, t963; HINKEL~IA~r t965), 
we can set up a correspondence between a double 
cross and blocks of size four. Since by  adopting (5) 
we do not differentiate between the order of the lines 
the double cross, a procedure to be followed ttlen is 
to construct incomplete block designs with blocks of 
size four and in some way assign tile elements to two 
pairs, each pair constituting a single cross. The total-  
i ty  of all such blocks with every element occuring r 
t imes is then a PTAC. The tota l  number  of double 
crosses in a PTAC is n r/4, where n is the number  of 
lines. For a complete t e t ra -a iM cross we have 

r = (n - - l )  (n--2) (n--3)/2. Hence, the degree of frac- 
t ionation for a PTAC is 2 r / I ( n - - i  ) (n--2) (n--3) ]. 

Suitable designs for constructing PTAC's are m- 
associate class PBIB  designs with blocks of size four. 
For m = 2, appropriate  designs are listed by  BosE, 
CLATWORTI~Y and SI-IRIKHANDE (t954). The definition 
and examples of some m-associate P B I B  designs are 
given b y  VARTAK (1959), RAGHAVARAO" (t960), 
THARTHARE (t963), and HINKELMANN (t964). If the 
Z-parameters of these designs take on only the values 
zero or one, we obtain a PTAC in the strict sense. 
But  this is not the onlyway of obtainingPTAC's  in the 
strict sense. I f  the design is given in replication groups 
orthogonal to blocks, one could use the elements of 
the first two replication groups within each block to 
make up the first single cross and the last two repli- 
cation groups ~o make up ~ other single cross, 
ra ther  than  to arrange the elements randomly into 
single crosses. In m a n y  cases this will lead to PTAC's 
in the strict sense. 

As an illustration consider the following example. 
Suppose n = 10, r = 4. From the two-associate class 
design T t2 ill BOSE, C L A T W O R T H Y ,  and SHRIKHANDE 
(t954) we obtain the following PTAC in the strict 
sense: (2,t0) (6,7), (10,t) (2,5), (7,3) (8,2), (6,2) (9,4), 
(t,9) (t0,8), (5,4) (3,t0), (8,7) (4,t), (3,5) (7,9), (9,6) 
0,3), (4,8) (5,6). 

BIB designs can be used to construct balanced 
PTAC's;  i.e., PTAC's  in which every line occurs equal- 
ty often with every other line in a double cross. Under 
certain circumstances it is even possible to achieve the 
balance in such a way tha t  also every line occurs equal- 
ly often with every other line in the same single cross. 
The following PTAC for n = 8, r = 7 is such a balanc- 
ed PTAC in the strict sense obtained from a BIB asso- 
ciation scheme with 2 = 3 (of. COCURAX and Cox, 
1957, p. 473): (1,2) (3,4), (5,6) (7,8), (t,3) (6,8), (2,4) 
(5,7), (1,4) (6,7), (2,3) (s,8), (t,5) (3,7), (2,6) (4,8), 
(t,6) (2,5), (3,8) (4,7), (1,7) (2,8), (3,5) (4,6), (1,8) (4,5), 
(2,7) (3,6). 

4. Circulant P T A C ' s  

The number  of suitable PBIB ' s  is not very large. 
We shall, therefore, describe now a more systematic  
way of constructing PTAC's  which is a special case of 
of the procedure given in the previous section. Since 
these designs are closely related to circutant P B I B ' s  as 
defined by  KE,'~I>THORXE (t953), they will be called 
circulant PTAC's. 

Denote the following set of single crosses (i , j) ,  
(i + l , j  + I), (i + 2 , j + 2 )  . . . . .  (i + n - - l , j  + n - - l )  
b y  S( i ,  j ) ,  where every number  is reduced mod n (i.e., 
replaced by  the remainder after dividing by  n) with 
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the  conven t ion  t h a t  0 is rep laced  b y  n. We then  adjoin  
two such sets, S(i,j) and S(k, l), say,  wi th  i, j, k, 1 all 
d i f ferent ,  to ob ta in  the  following a r r ay :  (i, j) (k, 1), 
( i+  l , j  + t) (k + 1, l +  t) . . . . .  (i + n - - l ,  j + n - - l )  
(k + n - - t ,  1 + n - - f ) ,  which we denote  b y  T(i , j;  k, l). 
E a c h  e lement  of T(i, j;  k; l) represents  a four -way  cross, 
and  since eve ry  line occurs exac t ly  twice in the  sets 
S(i, j) and S(k, 1), i t  follows t h a t  eve ry  T(i, j; k, l) is a 
PTAC wi th  r = 4 and of size n, i.e., a PTAC wi th  n 
double  crosses. A c i rculant  PTAC of size c n and  r = 4 c 
is ob ta ined  b y  considering c different  T(i, j;  k, 1). 

Suppose  now wi thou t  loss of genera l i ty  t h a t  i ~ j 
and  k < l, and  d e n o t e j - - i  b y  dl and  l - -  k b y  d 2. T(i, 
j ;  k, I) is then  a PTAC in the  s t r ic t  sense if and  only 
if one of the  following two condi t ions  is sat isf ied:  

(a) d 1 =/= d 2 if dl, d 2 <  n/2 or dl, d ~ > n / 2 ,  

(b) d 1 =/= n - -  d 2 if dl < @2, d e > 74/2 or d~ > u/2, 
G < n/2. 

As an example ,  consider  the  case n = t0  and  the  
PTAC T(t  ,2; 3,5) which is g iven b y  the  fol lowing four  
w a y  crosses:  ( t ,2 ) (3 ,5) ,  (2,3) (4,6), (3,4) (5,7), (4,5) 
(6,8) (5,6) (7,9), (6,7) (8,!0), (7 ,8)(9,1) ,  (8 ,9 ) ( t0 ,2 ) ,  
(9,t0) (1,3), ( t0 , t )  (2,4). Since d 1 = 1 and  d= = 2, con- 
di t ion (a) is satisfied,  and  hence,  this is a PTAC in the  
s t r ic t  sense. 

For  each line we eva lua te  the  q u a n t i t y  f2~ (Table 3), 
where  

], k, l 

with a(q)(~z) = I if (q) (kl) is conta ined  in the  PTAC 
= 0 otherwise.  

Es t ima te s  of the  h~ are ob ta ined  b y  solving the  fol- 
lowing sys t em of equat ions :  

51 
h a [  Oa 

B a~ = s94 
]'5 t?~ 

fi0_l _&_ 

where B = (bii) is a 6 • 6 ma t r ix ,  the  e lements  of 
which  are de te rmined  b y  the  p a r a m e t e r s  of the  
under ly ing  P B I B  design as follows: bii = r for all  
i, bii = 21 if i and  j are first  associates,  bq = 22 if i 
and j are second associates (the p a r a m e t e r s  21 and 2= 
indicate  how of ten a par t i cu la r  line occurs toge the r  
wi th  its f irst  and  second associates,  resp.,  in a double 
cross). For  this pa r t i cu la r  design, 21 = 4, 22 = 5 wi th  
the  associat ion scheme as given in Table  4. 

5" Analysis of PTAC's 

The  analysis  of PTAC ' s  relies ve ry  heav i ly  on the  
proper t ies  and  p a r a m e t e r s  of P B I B  designs and  can 
be g iven in genera l  t e rms  (HI>-KEL,~IA~N, t963).  
R a t h e r  t h a n  deal ing wi th  the  general  case we shall  
i l lus t ra te  the  m e t h o d  b y  considering the  analysis  of 
a f ic t i t ious  numer ica l  example .  

Suppose  we have  u = 6 lines, each line be ing used 
r = 8 t imes,  and  suppose  we have  ob t a ined  the  follow- 
wing PTAC f rom design R4 b y  B o s e  et al. (1954) (note 
t h a t  this is one of the  m a n y  possible PTAC ' s  t h a t  can 
be ob ta ined  f rom this design) as g iven in Table  2. 

Table  2. Double  Crosses  a n d  Y i e l d s  

(i, ]) (k, l) ~,(~ ]) (z z) (i, ]) (/L z) )'(r i) (k z) 

(3,4) (5,6) 2 (5,t) (4,3) 7 
(5,4) (2,6) 1 (6,1) (4,2) t2 
(2,3) (6,5) 5 (4,5) (t,2) 3 
(2,3) (6,4) 6 (6,2) (3,1) 6 
(1,6) (5,4) t0 (1,5) (2,3) 6 
(3,6) (1,5) 4 (4,2) (3,t) 10 

Mean (y) 6 

Table 3. g2i and/~i 

i f4 hi 

t 10 3.50 
2 1 - .88 
3 - 2 - .38 
4 3 .88 
5 - 1 0  - 3 . 6 3  
6 - 2 .50 

Sum 0 0 

Table  4. A s s o c i a l i o n  Scheme  

line t. associates 2. associates 

1 6 2,3,4,5 
2 5 t ,3,4,6 
3 4 1,2,5,6 
4 3 1,2,5,6 
5 2 t ,3,4,6 
6 l 2,3,4,5 

Hence  B is of the  fo rm 

 5555  
5 8 5 5 4 5  

B =  5 5 8 4 5 5  
5 5 4 8 5 5  
5 4 5 5 8 5  
4 5 5 5 5 8  

w w 

One could now inver t  this m a t r i x  if such an inverse 
exists,  bu t  because  of the  special  s t ruc tu re  of B, this 
p rob lem can be reduced to inver t ing  a 3 • 3 m a t r i x  
since the  inverse  B-1  will have  the same s t ruc tu re  as 
B wi th  e lements  b ~ along the  diagonal ,  b 1 in posi t ions 
corresponding to 2 I, and  b ~ in posi t ions corresponding 
to ,~ .  To set  up  a sys t em of equat ions  for b ~ b 1, b 2, one 
has to  use the  p a r a m e t e r s  of the  second kind, P~], 
which are g iven wi th  the  design. These  are (Bose et 
al., 1954, p. 13) in m a t r i x  no ta t ion  

P1 = = (: :) 
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The three equat ions  in b ~ b ~, and b ~ then  are in general  
no ta t ion  

r b  ~  i + 2 ~ n ~ b  ~ =  1 

3,~b ~ + (r + 2~Pl~ -/2zP~_~) b ~ + 
(z~ p~  + 2~ p~) b ~ = 0 

~ b ~ + (2~P~ + Z~N~) b~ + 

where nx and n~ are the numbers  of first and second 
associates, respectively.  For  our  par t icular  example, 
this reduces to 

8 b ~ + 4 b i 4- 20 b" = 1 

4 b ~ + 8 b i + 20 b ~ = 0 

5 b ~ + 5 b i @ 22 b z = 0 

Hence b ~ = 19/64, b ~ = 3/64, b ~ = --  5/64 and 

n~ I Q~ 

na I =  B ~Qz 
t~.~ I ff24 

_v~ .2 _I2o_ 

( 1 9 ~ i -  5 [ 2 ~ -  512~-  5s94 - For  example:  ,/~i = g~ 

5D~ + 3 Q ~ ) =  3.50. The est imates ]~i are given in 
Table  3. I t  then also follows t h a t  

Var [/~ --/~i] = 2 (b ~ --  b') cr ~ 

where b t = b ~ if i and j are first associates and b t = 
b ~ if i and j are second associates;  e.g. 

(,9 
19 --64-  2 Var [Iz i - -  h61 = 2 64- = 

The analysis of. the  general PTAC as obta ined  
f rom an m-associate  class P B I B  design should become 
clear f rom the  foregoing example.  The sys tem of m + 1 
equat ions  to be solved for b ~ b ~ . . . . .  b ~ in this case is 

rb ~ + ~ 2  tntb t =  t 

t = t  t 

+ \ t= Ztp~,, = 0 

"~2 ~ b i 2tPt2 b ~ 2~b~ + tPt~ + r ~ ~ + . . . +  

2 b~tt 

t 

2,,,b~ - ~tPt~ bl @ 2 tlb2 @ - ' '  + 
t \ t = l  ! 

-t- r 4- X ,1~ t G ,  b'" = o 

We ment ion  briefly two special cases:  1) If  a B I B  
design is used to  const ruct  the PTAC, then the mat r ix  
B consists of only two elements, r in the  diagonal,  and 
2 in the  off-diagonal positions. Accordingly,  B -~ also 
consists of only two elements, b ~ and b ~, which are 

(n - 2) 2 + r 
given as b ~  

(r - ~) [(n - ~) ~ + r]" 

2) For  a circulant  PTAC, the elements of B -~ can be 
obta ined  direct ly  b y  using the  me thod  given b y  
KEMPTHORNE and CuRxoW (1964). 

The analysis of var iance for the r a n d o m  effects 
model  is given in Table 5, where L"denotes summat ion  
over all four -way  crosses (i j )  (k I) present in the PTAC, 
and a~ is given by  (4a). 

Table 5. Basic d nalysis of  Variance 

Source d.f. S.S. E(iVLS) 

General effects n -- I /~ D~ a2 + r ~ - q -  % 
i = t  

Interactions n(r/4--1)  Difference a 2 

Table (5) is the basic analysis of variance table 
t ha t  can be adap ted  to any  given par t icular  experi- 
menta l  si tuation.  If  one has, for example,  s repea ted  
observat ions for each double cross, the appropr ia te  
model  would be 

x(q) (kz) ~ = # -{- hi + hj + ht~ + h z @ e(o. ) (~) + s(q) (~t) r 

where the hi, e(q)(~) are as defined before, and the e's 
are normal  r andom variables wi th  mean  zero and 
var iance a~. x-(ij)(k~), the  mean  of s observat i6ns  for 
the four -way cross (i j )  (k 1), will then  be used ins tead 
of Y(~i)(1,~) in the  es t imat ing equat ions  for the  h~. 
Also, the  analysis of var iance is wri t ten in terms of 
x's ra ther  than  y ' s  and for the r andom effects model  is 

as given in Table 6. (It  should be noted  tha t  22 h~2 i in 

Table 6. Analys is  of Variance With  Repeated Observations 

Source dd. S.S. E(M.S.) 

Crosses r n/4 - 1 s S '(  xci i~ ck z) -- ~,)2 

General effects n -- 4 s 2; h,r f2r 
i 

Interactions n ( r / 4 -  1) Difference 
Error rn ( s  --  1)/4 ~2~'  (x<i i> ckl~ ~--xc~ i> r~z~) ~ 

n - - 4  a~ 
~ + s a  2 + r s ~  t i~ 

~ + s~ 2 

Total s r n/4 -- t E ~ '  (xri ]) (k r ,,-- 7) 2 
r 
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Tab le  5 a n d  Tab le  6 are  n o t  the  same.)  The  c o m p a r i -  
son of the  ( In te rac t ion )  M. S. w i th  t he  (Error)  M. S. 
p rov ides  a goodness-of - f i t  c r i t e r ion  for  t i le  m o d e l  (5). 
I f  t he  t e s t  is s igni f icant ,  th is  would  i nd i ca t e  t h a t  
d o m i n a n c e  a n d / o r  d o m i n a n c e - t y p e  ep i s t a t i c  effects  
are  also p resen t .  

Z u s a m m e n f a s s u n g  

I n  d ieser  A r b e i t  w i rd  die  K o n s t r u k t i o n  von  unvol l -  
s t~nd igen  Te t r a -A l l e l en  (PTAC) m i t  Hi l fe  yon  unvol l -  
st~indigen B lockve r suchsp l~nen  (BIB-  u n d  P B I B -  
Pl~nen) b e t r a c h t e t .  Es  wi rd  gezeigt ,  wie dies zu gewis-  
sen ausgewogenen  P l~nen  f t ihren kann .  E ine  Me thode  
zur  K o n s t r u k t i o n  yon  z i rku l a r en  P T A C ' s  wi rd  exp l iz i t  
angegeben .  Die  Ana ly se  yon  PTAC's ,  d.h. das  Sch~it- 
zen yon  a l lgemeinen  Ef f ek t en  der  b e t r a c h t e t e n  Lin ien  
u n d  die  Va r i anzana ly se ,  w i rd  an e inem Beisp ie l  er- 
l~tutert. 
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